Signed networks have been a topic of recent interest in the network control community as they allow studying antagonistic interactions in multi-agent systems. Although dynamical characteristics of signed networks have been wellstudied, notions such as controllability and stabilizability for signed networks for protocols such as consensus are missing in the literature. Classically, graph automorphisms with respect to the input nodes have been used to characterize uncontrollability of consensus networks. In this paper, we show that in addition to the graph symmetry, the topological property of structural balance facilitates the derivation of analogous sufficient conditions for uncontrollability for signed networks. In particular, we provide an analysis which shows that a gauge transformation induced by structural balance allows symmetry arguments to hold for signed consensus networks. Lastly, we use fractional automorphisms to extend our observations to output controllability and stabilizability of signed networks.
I. INTRODUCTION
Networked systems have been at the forefront of active research in the systems and control community for the past two decades. Some well-studied examples of networked systems are social networks and dynamics of opinions [1] , flocking [2] , autonomous robotics [3] , quantum networks [4] , autonomous flight [5] , traffic control [6] and gene regulatory networks [7] . Several networked systems include both cooperative and antagonistic interactions, such as certain classes of social dynamics [8] .
Consensus algorithms have been used in many scientific and engineering applications, including multi-agent systems [9] , [10] , robotics [11] and Kalman filtering [12] . A large amount of research has been dedicated to looking at the control of consensus [13] . The work by Rahmani et al. showed that certain symmetries of networks characterized by automorphisms of the topology of the network cause uncontrollability [14] . This was generalized by Chapman and Mesbahi who showed signed fractional automorphisms generate necessary and sufficient conditions for uncontrollability and unstabilizability of linear networks [15] . Further works in this direction have examined methods of generating network topologies that are controllable for consensus, such as in [16] and [17] , or creating networks to satisfy performance measures [18] , [19] .
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Consensus algorithms on networks with antagonistic interactions were first considered by Altafini [20] , [21] . The network property of structural balance, first considered in the study of social networks ( [8] , [22] , [23] ) was identified in Altafini's work as the property inducing bipartite consensus in which the agents converge to two disjoint clusters instead of a uniform consensus. Graph-theoretic properties of signed Laplacian dynamics were studied by Pan et al. [24] . Further research by Pan et al. has looked at identifying the bipartite structure of structurally balanced graphs using data from signed Laplacian dynamics and dynamic mode decomposition [25] , adding to the works done by Harary and Kabell [26] and Facchetti et al [27] . Recent contributions by Clark et al. have studied the leader selection problem in signed consensus [28] .
The contributions of this paper are as follows. We first conduct a controllability analysis of signed Laplacian consensus using symmetry arguments developed by Rahmani et al. [14] , for the single-input-single-output (SISO) and multiple-inputmultiple-output (MIMO) cases of consensus dynamics with leader nodes. In particular, we identify the property of structural balance, that when combined with network symmetry, causes uncontrollability of signed consensus dynamics. The key feature of structurally balanced graphs that allows this analysis is that they admit a gauge transformation that allows the permutation matrix corresponding to the graph symmetry be extended to a signed permutation matrix. We then use tools developed by Chapman and Mesbahi in [15] to derive controllability and stablilizability conditions for influenced signed consensus dynamics.
The paper is organized as follows. In §II, we discuss the mathematical background needed in the paper. We outline the problem statement in §III. In §IV, we show that structural balance combined with symmetry about inputs leads to uncontrollability, and derive the corresponding stabilizability conditions. Relevant examples are shown in §V, and the paper is concluded in §VI.
II. MATHEMATICAL BACKGROUND
We consider R + as the set of nonnegative real numbers. A column vector with n elements is designated as v ∈ R n where v i or [v] i both represent its ith element. Matrix M ∈ R p×q contains p rows and q columns with [M ] ij denoting the ith row and jth column element of M . For w ∈ R n the diag(w) is an n × n matrix with w on its diagonal and zero elsewhere. The unit vector e i is the column vector with all zero entries except [e i ] i = 1. The column vector of all ones is denoted as 1. The cardinality of a set S is denoted as |S|. We define S ⊥ = {v * ∈ R n : v, v * = 0 for all v ∈ S} where ·, · is the inner product in the Euclidean space. The column space of a matrix M is denoted by R(M ). We define R(P ) to be A-invariant if there exists C such that AP = P C. We say A is similar to B if there is an invertible matrix R such that R −1 AR = B. Two similar matrices share the same spectra. The leading principal submatrix of order k of X is the square submatrix of X formed by deleting the last n − k rows and columns.
A. Consensus Dynamics in Signed Networks
A multi-agent system with n agents is characterized by a graph G = (V, E, W ) where V = {v 1 , v 2 , . . . , v n } is the set of nodes, E ⊆ V×V denotes the set of edges, and W ∈ R n×n + consists of weights assigned to edges. We say j ∈ N (i) if i and j are neighbors, i.e. there exists an edge between i and j. A path of length r in G is given by a sequence of different nodes v i0 , v i1 , . . . , v ir such that v i k and v i k+1 are neighbors for k = 0, 1, . . . , r − 1. When the terminal nodes are equal, the path is called a cycle. Also, G is connected if for every i and j, there is a path between v i and v j . The square matrix
The graph Laplacian is then defined as L = D − A and the consensus dynamicsẋ = −Lx [13] .
A signed graph G s is a graph that admits negative weights. The signed graph Laplacian is defined as L s = D s − A s , where A s can also contain negative elements and the degree matrix is again diagonal with
where sgn represents the sign function. A positive cycle is a cycle with even number of negative edges. A gauge transformation is a change of orthant order via a square matrix
B. Automorphisms/Interlacing/Equitable Partitions
An automorphism of the graph G is a permutation ψ of its nodes such that ψ(i)ψ(j) ∈ E if and only if ij ∈ E. Let the permutation matrix Ψ be such that [Ψ] ij = 1 if ψ(i) = j and zero otherwise. Then ψ is an automorphism of G if and only if ΨA(G) = A(G)Ψ (see [13] ).
Suppose A ∈ R n×n and B ∈ R m×m are both symmetric and m ≤ n. Then the eigenvalues of B interlace the eigenvalues of
are the eigenvalues of A in a non-increasing order [29] .
The cell C is a subset of the graph nodes V. A nontrivial cell is a cell with more than one node. A partition is a grouping of V into different cells. An r-partition π of V with cells {C i } r i=1 is equitable if each node in C j has the same number of neighbors in C i , for all i, j. We call π a nontrivial equitable partition (NEP) if it contains at least one nontrivial cell. Let b ij be the number of neighbors in C j of a node in C i . The quotient of G over π, denoted by G/π, is the directed graph with the cells of an equitable r-partition π as its nodes and b ij edges directed from C i to C j . The adjacency matrix of the quotient is specified by
. More details and examples can be found in [14] .
III. PROBLEM STATEMENT
The analysis of this paper consists of two main parts, which examine two different notions of control on networks. In the first part, we examine the notion of uncontrollability which was initially derived in [14] but for signed consensus networks. The notion of control in this case is taking over the state of one or several nodes in the network, and using their edges to inject signals into the system. In the second part, we consider the case where the nodes are controlled by injecting a single-integrator signal to some nodes of the graph.
Signed consensus networks are of interest because the negative weights induce a phenomenon known as clustering, where agents will not converge to an agreement subspace, but rather converge to opposite equilibria. The condition that causes clustering was identified by [20] as structural balance. We will show that this topological feature is the additional condition that produces uncontrollability of signed networks.
One important result from [20] that is frequently utilized is the following equivalences:
1) The signed graph G is structurally balanced; 2) There exists a gauge transformation G t such that G t A s G t has positive entries (i.e. G t A s G t is unsigned); 3) All cycles in G are positive; 4) The signed Laplacian L s has a zero eigenvalue; 5) There exists a bipartition of V such that the edges within the same set are positive, and the connecting edges are negative. It is shown that if the signed graph is structurally unbalanced, lim t→∞
Previous work by Rahmani et al. in [14] showed that symmetry with respect to a single input and interlacing for multiple input are sufficient for uncontrollability, and this was generalized by Chapman and Mesbahi in [15] to show that fractional symmetry with respect to the inputs is sufficient and necessary for uncontrollability. In this paper, we show that structural balance is the property that combined with symmetry and interlacing leads to uncontrollability.
Before proceeding to our main results, we summarize the various dynamics considered in the paper.
Given a connected signed graph G s , we can select one node and use it to inject our input signal u. This corresponds to partitioning the Laplacian as follows:
where f and i denote the floating and input parts of the network respectively. Then the dynamical system for signed consensus networks iṡ
which holds for both SISO and MIMO systems and the floating signed graph is also denoted by G f s . Then we use the Popov-Belevitch-Hautus (PBH) controllability test which specifies that the system is controllable if and only if none of the eigenvectors of A f s are simultaneously orthogonal to all columns of B f s . More details on this can be found in [13] . The second variant of controlling consensus networks is to simply inject signals into nodes, without taking over the state of the node. We can therefore define the influenced signed consensus dynamics with q inputs and p outputs aṡ
where I ⊆ N is the set of input nodes, O ⊆ N the set of output nodes, and B(I), C(I) are the matrices B(I) = e i1 · · · e iq and C(O) = f j1 · · · f jp T in which e i is the unit vector for nodes i ∈ I, and f j for nodes j ∈ O. The control signal vector is u ∈ R q . Both (output) controllability and (output) stabilizability of these dynamics is considered in Section IV-B.
IV. ANALYSIS
A. Leader-Follower System Controllability 1) The SISO Case:
A result by [14] shows that for a SISO consensus network, a symmetry about the input node is sufficient for uncontrollability. We extend this result for the signed consensus networks considered by [20] and [25] . In particular, we show that structural balance and input symmetry is sufficient for uncontrollability of signed graphs.
Remark 1. This result shows that signed Laplacian is in some sense more robust to symmetries about the input nodes. In particular, there are examples of unsigned graphs that are symmetric about an input and therefore uncontrollable, but whose signed counterparts exhibit controllability despite the symmetry. Therefore, input symmetry does not impose enough constraints on the network to claim its uncontrollability. Proof: From definition of structural balance there exists G t such that
where G = diag(σ 1 , σ 2 , . . . , σ n−1 ). Without loss of generality, we can assume σ n = 1 since (3) also holds for −G.
This [14] , if G has the input symmetry structure, then there exists a nontrivial permutation matrix J such that JA f = A f J.
Let J = G JG , then the proofs of parts 1 and 2 follows:
And for the last part of the proof
implying that J v is also an eigenvector for the same eigenvalue. Hence, v − J v would also be an eigenvector corresponding to λ.
Remark 2. The matrix J introduced in Lemma 2 is in some sense correspondent to the permutation matrix J in the unsigned case. Theorem 1. The signed network system G s is uncontrollable if it is input symmetric and structurally balanced.
Proof: Let (λ, v) be a pair of eigenvalue and eigenvector for A f s so that A f s v = λv. Then from Lemma 1.3 we know that v − J v is also and eigenvector for A f s . Then 2) The MIMO Case: In this section, we examine how the notion of structural balance is interposed in the controllability analysis of multiple input signed networks. The results in this section are extensions to [14] . To this end, we leverage the machinery of interlacing and equitable partitions on graphs.
First, we modify two fundamental lemmas from [29] to the signed case and then provide the analysis which leads to sufficient conditions on the uncontrollability of the system. Definition 1. Let G t be the gauge transformation as in (3). Then P is the signed characteristic matrix defined as P = G t P .
Lemma 2. Let π be a parition of the structurally balanced signed graph G s , with adjacency matrix A s and signed characteristic matrix P . Then π is equitable if and only if the column space of P is A s -invariant.
Proof: (Necessity) assume π is equitable. Then from Lemma 9.3.1 in [29] , AP = PÂ withÂ = A(G s /π). Thus, it follows from the structural balance:
(Sufficiency) From Lemma 9.3.2 in [29] , π is equitable if there exists B such that AP = P B. Then assuming that the column space of P is A s -invariant, there exists C such that
Hence, π is equitable. Lemma 2 shows how the gauge transformation is injected into the analysis of signed networks.
As discussed in [14] , we can now find an orthogonal decomposition of R n using the signed characteristic matrix P as R n = R(P ) ⊕ R(Q ) where R(Q ) = R(P ) ⊥ . Then an orthonormal basis for R n can be formed as
whereP andQ represent normalized P and Q respectively and satisfyP TQ = 0,P TP = I, andQ TQ = I. Lemma 3 is a derivation from Lemma 7.9 in [14] . Since this is a general result depending on the Laplacian and its leading principal submatrix (floating graph), and the PBH test, the same holds for the signed case.
From this point, the goal is to show that for some specific graph partition and the structural balance of the network, L s and A f s share similar eigenvalues leading to uncontrollability. Lemma 4. Suppose a structurally balanced signed graph G s has an NEP π withP andQ as in (4) . Then the signed Laplacian L s is similar to the block diagonal matrix
Lemma 5. Let G f s be a signed floating graph, and A f s be defined as in (1) andP andQ be as in (4) . If there exists an NEP π f in G f s and a π in the original structurally balanced signed graph G s such that all the nontrivial cells in π f are also cells in π, then A f s is similar to the block diagonal matrixĀ
sQ f withP f and Q f denoting the floating parts ofP andQ .
The proofs are similar to Lemmas 7.11, 7.12, and 7.14 in [14] and are skipped for succinctness. One just needs to consider the role of structural balance and the fact that the signed characteristic matrix P needs to be replaced for P due to the insertion of gauge transformation.
Theorem 2. Given a connected structurally balanced signed graph G s with the floating graph G f s , the system in (1) is uncontrollable if there exist NEPs on G s and G f s , π and π f , such that π f contains all nontrivial cells of π.
The main scheme of the proof is similar to Theorem 7.15 in [14] . We modify the proof to show how the orthogonal basis formed byP andQ work in the new setup of signed networks.
Proof: LetP andQ be defined as in (4) . Following the convention in [14] , let π ∩ π f = {C 1 , C 2 , . . . , C r1 } with |C i | ≥ 2 for i = 1, 2, . . . , r 1 . Let the nontrivial cells contain the first n 1 nodes. Since π f contains all nontrivial cells of π, it follows P = P 1 0 0 I n−n1 n×r and P f =
where P 1 ∈ R n1×r1 contains the nontrivial part of the signed characteristic matrices. LetP andP f be the normalization of P and P f and defineQ andQ f as in (4) . Then
It follows thatQ f = R TQ with R = [I n f , 0] T . Then by Lemmas 4 and 5, we get
This implies that L s and A f s share a block matrix and thus have at least one equal eigenvalue. Therefore, by Lemma 3 the system is uncontrollable.
Remark 5. Theorem 2 provides a sufficient condition for uncontrollability of signed networks. However, this not a necessary condition; a system can be simultaneously uncontrollable and structurally unbalanced.
B. Stabilizability and Output Controllability
Recent developments in controllability have extended the idea of using symmetry to characterize controllability of linear systems. Using Theorem 2 in [15] , we can now characterize the controllability, output controllability, stabilizability and output stabilizability of the influenced signed consensus dynamics mentioned in (2) .
Our main result is the following theorem, which identifies structural balance as the key feature for uncontrollability on top of symmetry of the underlying unsigned graph. 
The results hold when B → B s or C → C s .
The proof of Theorem 3 is similar to the proof of Corollary 5 in [15] , with several technical differences which we discuss here. In particular, our result only requires a fractional automorphism J of the underlying unsigned graph; the matrix J s does not need to be a signed fractional automorphism, which in this sense generalizes Corollary 5 of [15] .
The following lemmas establish the equivalence of controllability under a gauge transformation of the B and C matrices for structurally balanced L s , and some useful identities that will elucidate the role of the gauge transformation in Theorem 3. Proof: (Lemma 7) For each statement we have:
Using the equivalences established in these two lemmas, the proof of Theorem 3 follows as the proof of Corollary 5 in [15] , but using J s instead of the signed fractional automorphism P .
V. EXAMPLES
In this section, we show examples pertaining to the discussions in this paper. In particular, we show the difference between consensus under signed and unsigned consensus.
A. SISO Controllability
Consider the graphs in Figure 1 . Figure 1a shows the uncontrollability of the signed network as a consequence of structural balance and input symmetry. Figure 1b verifies the role of structural balance on this result. In this example, we consider the MIMO case with two input signals injected onto nodes 4 and 5. The partition is equitable and π = {C 1 , C 2 , C 3 , C 4 } and π f = {C 1 , C 2 }. Then Figure 2 demonstrates how structural balance can influence the controllability of a signed network. Consider the influenced consensus of the networks in Figure 1 . The network in Figure 1a is structurally balanced, but the one in Figure 1b is not. The controllability matrices for these two networks are, respectively: As one can see, the network in Figure 1a is uncontrollable since C 1 is rank-deficient, but the network in Figure 1b is controllable, and hence one can conclude that unsigned symmetry is not sufficient for uncontrollability.
VI. CONCLUSIONS AND FUTURE WORKS
In this paper, we characterized the controllability and stabilizability of signed consensus networks. We showed that the topological notion of structural balance is a key construct pertaining to uncontrollability of signed networks. In particular, structural balance induces a gauge transformation that permits the extension of the classical controllability and stabilizability analysis of consensus networks to signed networks. We elucidated the role of structural balance both in the SISO and MIMO cases of the leader-follower (signed) consensus dynamics, and then extended these results to output controllability and stabilizability of the influenced networks. Future works include extending the analysis to classes of nonlinear consensus networks and examining the application of controllability analysis to controller design and limits of performance for controlled networks.
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